
RAPID CALCULATION OF TEMPERATURE IN A 

REGENERATIVE HEAT EXCHANGER HAVING ARBITRARY 

INITIAL SOLID AND ENTERING FLUID TEMPERATURES* 
FLOYD W. LARSEN 

FluiDyne Engineering Corporation, 
5900 Olson Memorial Highway, 
Minneapolis, Minnesota 55422 

(Received 14 April 1966) 

Abatraet-By means of simple hand calculations it is possible to determine fluid and solid temperatures at 
any time and location in the regenerative heat exchanger. The methods described apply to cases where the 
initial temperature varies arbitrarily with longitudinal position in the matrix and the entering fluid tem- 
perature varies arbitrarily with time. The solution to the problem with uniform initial matrix temperature 
and constant entering fluid temperature has been published previously [l-4] and is presented herein in the 
form of tables and curves for values of the parameters q and 5 from 0 to 20. The solutions for the linear initial 
matrix temperature and linear entering fluid temperatures are also presented in the form of tables and 
curves for the same range of parameters. By superposition, these results are extended to the cases of arbitrary 
initial matrix temperature and arbitrary entering fluid temperature. Either of two methods is useful in 
obtaining numerical results. One is to evaluate a convolution integral which involves the arbitrary con- 
dition. The other is to approximate the arbitrary initial (and/or boundary) condition by a number of linear 

segments and to superimpose the tabulated solutions 

4 
c, 
IO, I,, 

M, 
p, 
R 
al, a2, 

bl, bz, 

cp C”, 

h, 

NOMENCLATURE 

open flow area [ft’] ; 
specific heat, wall [Btu/lbdegR] ; 
modified Bessel functions of the first 
kind ; 
mass per unit length, wall [lb/ft] ; 
wetted perimeter [ft] ; 
gas constant [ft lb,/lbdegR] ; 
derivatives of approximating function 
v * 
dzivatives of approximating function 
u . 
s&itic heats, fluid (constant pressure, 
volume) ; 
heat-transfer coefficient 

[Btu/h ft2degR] ; 

* This work was partially sponsored by the Arnold 
Engineering Development Center, USAF, under Contract 
AF 4@600)- 1094. 

fluid mass flow [lb/h] ; 
pressure [lb/ft’] ; 
heat flux [Btu/h ft’] ; 
fluid temperature OR] ; 
wall temperature ; 
entering fluid temperature ; 
entering fluid temperature at time q ; 
initial wall temperature; 
initial wall temperature at location 5 ; 
illustrative variables ; 
distance from entrance [ft] ; 
ratio of specific heats ; 
dummy variable, 0 < c 6 5 ; 
= hPB/MC, dimensionless time ; 
time [h] ; 
= hPz/kc, dimensionless length ; 
fluid density [lb/ft3] ; 
dummy variable, 0 < z < u. 

INTRODUCTION 

A LARGE quantity of fluid can be quickly heated 

149 
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(or cooled) by passing it through a heat storage 
device. Much higher effective heat-transfer rates 
can be achieved during a short high mass flow 
period in such a heat exchanger than might be 
available from the primary heat source (or sink). 
As an example, consider the heating of a stream 
of air for a blowdown-type wind tunnel. Here, 
the mass flow rate may be of the order of 
10 lb/s and the duration 1 min. Now, the time 
available for recharging the heat exchanger may 
be of the order of several hours. It therefore is 
most convenient to design the recharging 
system such that a low heat-transfer rate could 
be used over this entire period to replace the 
energy removed. 

This type of operation is not strictly “periodic” 
since consecutive wind tunnel runs will require 
different mass flows, temperatures and durations, 
and recharging periods will vary as well. The 
approach to calculating the performance of 
such a heat exchanger has consequently been 
to determine the transient temperatures once 
the initial temperature distribution is given. 
Here, the initial temperature is far from uniform 
and the entering fluid temperature can vary 
appreciably with time. It is this application which 
has prompted the present investigation. 

In 1926, Anzelius [l] obtained the solution for 
the condition of a constant entering fluid tem- 
temperature. Solutions were also obtained by 
Nusselt [a], Hausen [3,5], and Schumann [4] at 
about the same time. Jakob [6] presents a rather 
detailed account of these works. The plots given 
by Hausen for the case where the initial tem- 
perature is uniform have been reproduced by 
Jakob [6], and Eckert and Drake [7]. The 
present paper also includes such plots for use 
with the methods to be described. 

A graphical method due to Hausen [S] which 
can treat also the arbitrary initial and boundary 
condition problems is described by Jakob. This 
is essentially a step-by-step procedure which 
requires iteration. The author has used a numeri- 
cal adaptation of this method, which eliminates 
the need for iteration, in preparing Tables 
1,2 and 3 and Figs. l-3. Another finite difference 

approach is the “heat-pole method” due to 
Hausen [S]. It deals with the problemofarbitrary 
initial temperature distribution, using super- 
position of heat-pole functions to construct the 
solution required. 

A paper of Klinkenberg and Harmens [9] 
utilizes the solution to the problem with uniform 
initial temperature and constant entering fluid 
temperature as a fundamental function and 
develops the solution for arbitrary conditions. 
His results are in agreement with equations (7) 
and (10) derived in the analysis below. 

ANALYSIS 

For the purposes of analysis, we shah adopt 
the concept of the regenerative heater matrix 
being comprised of one or more identical, 
parallel, thin-walled ducts. It will be assumed 
that the wall is sufficiently thin and its thermal 
conductivity is su~ciently high such that tem- 
perature variation within the wall thickness is 
negligible. It will also be assumed that effects of 
conduction in both the wall and the fluid in the 
direction parallel to flow are negligible. 

The heat transfer between the wall and the 
fluid is governed by the constant film coefficient. 
h. The heat-transfer area per unit length of the 
matrix-the wetted perimeter--is P. The mass 
per unit length of matrix material is &f. These 
quantities, as weli as specific heats, are constants. 

In the matrix, consider an element of length 
AZ parallel to the direction of flow. See Fig. 4. 
Now at time 8, fluid enters the element at the 
temperature ti and leaves the element at the 
temperature t,. 

The internal energy in the control volume is 
c,tpAk. By the conservation of energy principle. 
the rate of internal energy change is equated to 
the net rate of energy passing into the control 
volume. 

at f% 
c,p a AA, -t- c, ss tAA, 

= c&t1 - c&t2 -I- qPAZ. 

Rearranging and taking the limit as A, tends to 
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zero gives Subtracting equation (4) from equation (2) yields 

ap c,P;A + c,$A + CJ~ + c,ii$ = qP. 

(1) 
From continuity and the assumption of a 

perfect gas there are the relationships 

ati __AP 
aZ_ a0 

ap 1 ap P at 
as - Rt ae Rt2 ae’ 

The convective heat transfer per unit length is 
qP = hP(t, - t). Making these substitutions, 
equation (1) becomes 

Ap at -- - 
rit a0 

Normally the second term on the left-hand 
side is very small and may be neglected. In this 
case, we have equation (2), 

Ap at dt hP 
-7% + jZ$ = Y&L - t1. 

P 

(2) 

Secondly, the equation which governs the 
temperature of the stationary wall can be im- 
mediately written 

at,_ hP 
ae - MC (t - L). 

It was this mathematical model which Schumann 
analyzed [4]. 

Investigation of the orders of magnitude of 
the terms in equation (2) has shown that the 
term (Ap/riz) at/a0 is usually small. Suppose, for 
example, the approximation 

at at --2 
ae ae’ 

This substitution with equations (2) and (3) 
gives 

(4) 

Ap at --x -- 
k ae ~gf(t_ - t). 

The ratio of the two terms of the left-hand side 
of equation (2) is now found to be 

(APT atiae ~ 1 

atjaz - 1 + MCIApc, 

It is therefore apparent that when the ratio 
MC/Apt, is large, the term (Ap/k) at/a0 may 
be neglected. 

The remainder of the analysis will be restric- 
ted to the simplified model having the following 
partial differential equations in dimensionless 
form, which come from equations (2) and (3) 
respectively. Assuming (Ap/riz)i%/a0 = 0, 

aT,=,_T 
all 

w (6) 

where 5 = hPzJc,ti, q = hPtlJCM 
T = (t - u)/(v - u), T, = (t, - u)/ 

(u - u). 
u = entering fluid temperature 

and u = initial wall temperature. 

With the initial condition T, = 1 at q = 0 
and the boundary condition T = 0 at 5 = 0, 
Hausen [3] produced curves of the solution. He 
plotted the reduced temperatures against 5 with 
q as a parameter. Following this convention, 
Fig. 1 presents the solution for use in the current 
work. A tabular presentation is also supplied in 
Table 1. The values contained herein have been 
generated with a finite difference technique by 
digital computer. Comparison of these results 
with the exact solution (equation 24) has been 
made at several points. This comparison and 
details regarding the finite difference technique 
are included in the Appendix. 

Examination of equations (5) and (6) and the 
initial and boundary conditions discloses a sort 
of symmetry. Consequently, the temperature 
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E 

FIG. l(a). Reduced fluid temperature function. 

0 2 4 6 8 10 12 14 16 18 20 

6 

FIG. l(b). Reduced wall temperature function. 

functions are related in a very simple way [9]. 
That is, one of the functions is the complement 
of the other when the arguments are inter- 
changed, i.e. 

W, Y) = 1 - T, (Y, x). 
For this reason, a plot or table of one of these 

functions is sufficient for calculating both fluid 
and wall temperatures. This fact has permitted 
the conservation of space through the presen- 
tation of both T and T, in a single, combined 
table (see Table 1). The subscripts in the row 
and column headings indicate how to enter the 
table. 

Arbitrary initial condition 
As a result of the linear, partial differential 

equations which govern the temperatures, one 
can superimpose the solutions to a number of 
simple problems in order to obtain the solution 
to a more difficult one. As an illustration, solu- 
tions to two simple cases will be given, both of 
which are found from the T(q, 0, T,(q, 5) 
solutions presented above. These two solutions 
will then be added resulting in the solution to a 
third. 

Consider a given matrix with fixed conditions 
of: C, cP, h, M, k and P. 
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Case (c) 
Fluid enters at temperature u,,, constant. 

Initially wall at temperature : t),, 

and 

See Fig. 5 (c). 
Here, the boundary condition u and the 

initial condition v are equal to the sum of those 
of cases (a) and (b), respectively. Therefore, the 
solution is just equal to the sum of the solutions 
of cases (a) and (b). 

Solution : 

FIG. 2(a). Derivative of reduced temperature function. “I- a,T&L 5 - i,). 

Case (a) 
Fluid enters at temperature uOr constant. 

Initially wall at temperature 21,. uniform. See 
Fig. 5 (a). 

Solution : 

The reader will observe that, in each case, the 
solution for t includes the function T, and the 
solution for t, includes the function T,. Except 
for this difference, the respective solutions are 
identical. All further derivations will follow this 

and 

L&L 8 = u, + (47 - u,)T,(r, 0. 

Case (b) 
Fluid enters at temperature zero, constant. 

Initially wall at temperature: zero, 

O<i<il 

and 

t’l, il G i G 6 

See Fig. 5 (b). 
Solution : 

4h?, 51 = Qwi% c - ill 

and 

1.0 

04 

0.2 

0.1 

2 
ut 
$004 

3 -0.02 
e 
~001 
t 

0.004 

0.002 

0.0 01 
2 4 6 8 i0 12 14 16 18 20 

~lv,C 

MY. 63 = r,T,(% r - Cl). FIG. 2(b). Derivative of reduced temperature function. 
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FIG. 

0 2 4 6 8 10 12 14 16 18 20 

f.?, 

3(a). Integral of reduced temperature function divided by limit of integration. 

0 2 4 G 8 10 12 14 16 16 20 

tbv,q 

FIG. 3(b). Integral of reduced temperature function divided by limit of integration. 

trend; therefore, only fluid temperatures will be 
treated in detail except where individual atten- 
tion may be required. 

continuous, initial temperature distribution can 
be accommodated through Duhamel’s integral 
[lo]. This result is 

The result of case (c) can be immediately 
extended to the situation where the initial distri- 
bution consists of any number of steps of height 
vj located at c,(j = 1, 2, 3, . . . n). Then, for 5 

B i, 

t(rl, 5) = a, + (v, - &)T(?, 0 

+ ./ v’T(rl, 5 - 0 di (7) 

r(rl. 5) = a, + (v, - kJT(rl, 8 

where v’ = dvjdl;. 
Integration by parts yields 

+ i vjT(?, t - ijh 

j=l 

Letting the number of steps go to infinity, any 

L 

t(% 5) = a,{1 - T(% tl)> + v$% 0) 

+ vT,(rl, 5 - s 
0 

0 d5 (8) 
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where T&X, y) = aT(x, y)lay, 
and ur is the initial temperature at 5. 

This relationship is the working equation for 
the first method referred to in the abstract. The 
partial derivative T2 is presented in Fig. 2(a) and 
is also tabulated in Table 2(a). The detailed 
account of its calculation is given in the Ap- 
pendix. Having the initial temperature distri- 
bution and the tables or curves of T2, one can 
readily calculate the desired temperature. The 

fiW 

-AZ- 

FIG. 4. Model. 

integral may be evaluated by graphical or 
numerical means. The partial derivative Tw2, 
for use in making the analogous wall tempera- 
ture calculation, is presented in Fig. 2(b) and 
Table 2(b). 

The second method concerns equation (7). 
This is generally the more approximate method 
in that the initial temperature distribution is 
approximated by a small number of linear 
segments. Suppose, first, that we have an initial 
temperature distribution approximated by a 
single linear relationship such as u = u, + ai. 

The derivative (u’ = a) may now be placed in 
front of the integral sign and equation (7) 
becomes 

@L 5) = u, + (0, - u,)T(q, 5) + Gtl> t) 

where the function* 

* U(q, 5) is just the solution for the case where u = 0 and 
u = [. Details regarding its calculation are included in the 
Appendix. 

bh FLUID, u,- 

I 
c-f- 

(a) 

FLUID,0 - 

(b) 

Cc) 
FIG. 5. Initial wall temperature distributions. 

is presented in Table 3(a) and Fig. 3(a). The 
corresponding integral of the wall temperature 
function is presented in Table 3(b) and Fig. 3(b). 
In general, with n linear segments, each starting 
at ij- 1 with slope a& = 1,2,3. . . n) the result is 

t(r, 0 = u, + (0, - W(V, 0 + a,W, 5) 
n-1 

+ C C"j+l - ajW(V9 t - ij) t9) 
j=l 

the working equation of the second method. 
How to compose a good approximation of 

the initial temperature distribution is a question 
of interest at this point. Equation (8) helps to 
shed some light on this subject. Observe that 
the weighting function T,(q, 5 - [) causes the 
sensitivity of the solution to the initial distribu- 
tion to vary with [. Observe also in Fig. 1 how 
the slope, T2, of each curve is a maximum at 
about 5 = q. For this reason, any approximating 
distribution should be in closest agreement 
possible in the neighborhood of [ = 5 - q, 
provided q < 5. It is suggested that three or 
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four linear segments can effect the desired 
simplification for a curve having no more than 
one inflection point. A satisfactory criterion has 
been to have the approximate distribution agree 
with the actual distribution at the end points 
c = 0, <, and also at 5 = 5 - q. In the event 
that q B 5, it is advantageous to have the 
approximate distribution agree most closely in 
the neighborhood of [ = 0. 

~~~~~~e. A sample problem will now be 
worked where the initial wall temperature is given 
as a continuous function of [ and the fluid enters 
at the constant temperature u, = 100°F. Both 
methods will be used to find the fluid temperature 
at q = 6, < = 16 for illustration. The initial 
temperature distribution u is plotted in Fig. 6 
and tabulated in Table 4. Further calculations 
for the first method, equation (8) are also 
carried out in this table. Using Simpson’s Rule, 

d vT,(q, < - i) di = 1511*02. 

Now, T (6, 16) = O-9812 (from Table 1) 
T (6,0) = 0. 

0 
0 4 12 76 

FIG. 6. Example initial wall temperature distribution, 

Using equation (8) 

c (6,16) = 100 (l-0.9812) + 0 + 1511 
1513°F. 

The second method involves approximating 
the initial temperature distribution with several 
straight lines (two in the present case). This has 

Table 4. Evaluation ofintegral in equation (8). q = 6 

5 4°F) t-i ?-A?, 6 1 0 
[from Table 2(a)] 

D&(8,< - i) 

0 500 16 0~0082 4.10 
2 680 14 0.0177 12.04 
4 910 12 0.0348 31.67 
6 1190 10 0.0615 73.18 
8 1462 8 0.0937 136.99 

10 1675 6 0.1165 195.14 
12 1838 4 0.1056 194.09 
14 1940 2 0,052Y 102.63 
16 2000 0 00025 5.00 

been done in Fig. 6. Values of cj and aj are found 
presently. The approximate distribution will be 
designated by v,. 

ii = 10, < = 16 
~~(0) = 500, u&i) = 1675, u&r) = 2000 

a, = (1675-500)/10 = 117.5, 
a2 = (2000-1675)/6 = 54.17 

0, - u, = 400. 

Now, T(6, 16) = O-9812 (from Table 1) 
U(6, 16) = 9.0405 [from Table 3(a)f 
u(6, 6) = 0.9254. 

Using equation (9) 

t(6, 16) = 100 + ~0.9812) f 117*5(9G405) 

+ (54.17 - 117.5) 0.9254 = 1496°F. 

It is seen that with this example, these two 
methods give answers which agree within about 
1 per cent. 

Arbitrary bQ#~ury comities 
Following the same procedure as used for the 

arbitrary initial condition described above, it is 
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possible to superimpose the solutions of several 
cases having simple boundary conditions so as 
to yield the solution to one having a more 
complicated boundary condition. In order to 
illustrate this, the solution of case (a) above and 
that of case (d), to be given subsequently, will be 
added to give the solution to case (e). Fixed 
conditions on the quantities C, c,, h, M, ti, and 
p will be maintained. 

Case (d) 
Fluid enters at temperature : 

zero, 0 < r < z,; 
and 

Ul, Tl < z < ‘I. 

Initially wall at temperature zero, uniform. 
Solution : 

~dh, 4) = Ul - Ul m - ~1>5). 

Case (e) 
Fluid enters at temperature : 

&I. 0 6 z < ‘1; 
and 

a, + u1, rr < r < ‘1. 

Initially wall temperature 0,) uniform. 
Solution : 

Generalizing this result to the case where the 
entering fluid temperature history consists of 
any number of steps of height uj occurring at 
zjo’ = 1, 2, 3, . . m) there results for rl B z, 

r(r, 5) = u, + (0, - %)T(% 5) 

+ jt, @j - uj T(V - ‘* 01. 

Again, letting the number of steps go to infinity, 
any continuous history of entering fluid tem- 
perature can be accommodated. 

t(tl, 5) = u, + (0, - u, 1 WL 5) 

+ s {u’ - u’T(q - t, t;)) dz (10) 
0 

Integrating by parts 

- i uT,(rl - 7, t) dz (11) 

where T,(x, y) = D(x, y)/ax 

and utl is the entering fluid temperature at 
dimensionless time q. This partial derivative is 
given in Fig. 2(b) and is tabulated in Table 2(b). 
With these values, one may readily evaluate the 
integral for any continuous entering fluid tem- 
perature history. Thus, the required temperature 
is found using this equation in the same manner 
as given above for equation (8). 

Returning to equation (lo), we have the 
method whereby the temperature can be cal- 
culated using an approximating entering fluid 
temperature history function, u,. This function 
is made up of several linear segments analogous 
to that used with the second method given for 
the arbitrary initial temperature distribution 
problem. The derivative 

du,/dr = b,, 0 < z < z,; 

b 2. zl < z < 52; etc. 

Equation (10) becomes 

NV, 0 = u, + (0, - a,) T(rl> 5) + b, I%, 5) 

+ C (bj+t - bj) T/(q - Tj, 5) (12) 

j=t 

where 

This function* is given in Fig. 3(b) and Table 3(b) 
with U&I, 5). Certain relationships involved 
with its evaluation are included in the Appendix. 

Analogous recommendations regarding the 
construction of the approximating fluid tem- 
perature history are: three or four linear seg- 
ments with agreement at end points z = 0, 
q and at the point (time) z = ye - <, provided 

* V(q, 5) is just the solution for the case where u = T and 
” = 0. where u’ = du/dz. 
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q > 5. When q < 5 it is advantageous to 
approximate the function most closely in the 
neighborhood of z = 0. 

Combination of both arbitrary conditions APPENDIX 

The combined problem where both arbitrary 
conditions exist simultaneously is easily written 
down. The arbitrary initial wall temperature 
solution having zero entering fluid temperature 
is added to the arbitrary entering fluid tempera- 
ture history solution having zero initial wall 
temperature. With the first method, using 
equations (8) and (11) 

The equations !?=r -T 
at w 

(5) 

“T”=T-T 
all w (6) 

with the conditions 

T=O at l=O (15) 
and 

T, = 1 at q=O (16) 

have been solved numerically. First, holding 
q = 0, equation (5) was solved for T(0, 5). 

T(0, 5) = 1 - exp (- 0. (17) 

Second, holding 5 = 0, equation (6) was solved 

for 73~0). 

T&LO) = exp (- rl). (18) 

Equations (15) through (18) were used as 
starting values for the step-by-step finite 
difference calculation described presently. Over 
an increment of length A< the fluid temperature 
changes by the increment A, T, according to 
equation (5). 

+ I+; 1 - T(0. <)} - j! uT,(y - z. 0 dr. (131 
0 

With the second method, using equations (9) 
and (12) 

t(s, t;) = u, + (0, - u,) T(q, 0 + al u(rl, 5) 
n-1 

+ C (aj+l - aj) u(rl9 5 - ij) 

j=l 
m-1 

j=l 
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A< T = (T, - T) A5 A[. 

Similarly, according to equation (6) 

(19) 

A,, T, = (T - T,),,Arl (20) 

The temperature differences are mean values 
which exist over the respective increments of 
the independent variables, A5 and A.rl. Using 
backward differences, let : 
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and 

A,, T, = TX?> 5) - TX? - AY, 5). 

Substituting these definitions into equations (19) 
and (20) yields 

and 

2 - Al 

+2+Al 
___ WL 5 - 4 (21 

L(c 5) = & {T(c 0 + T(? - Arl, t)> (22) 

2 - API 
+ ~- T,(q - Aq. <i. 

2 + Av 

Now, as they stand, equations (21) and (22) 
cannot be used to give explicit values of both 
T(q, <) and T,(q, 5); (note that one is needed to 
calculate the other). Iteration can be used at each 
point in order to cope with this difficulty. 
Another way is to solve the two equations 
simultaneously. Setting Aq = At, the result for 

7% 5) is 

Th 5) = 
4 - Al2 
4 + 4Ar T(rl> r - A0 

+ 2Ar + At2 
4 + 4A5 T&L 5 A0 - 

+ 2A5 - At2 
> (23) 

4+4Ar 4 T,(?-Ar,5) 

For stability, the coefficients of all tempera- 
tures should be positive. This criterion is easily 
satisfied by Aq, At d 2. Through the course of 
the calculations, the increments have been 
varied. It was found that the fourth decimal 
place could be achieved by taking Aq = A< = i. 
Using equations (23) and (22), in that order, 
the temperatures T(q, t) and T,,,(v], 5) have been 
worked out explicitly at each point. The results 
are those found in Table 1 and Fig. 1. 

The exact solution of equations (5) and (6) 
with constant entering fluid temperature has 
been given by Nusselt* [2]. With a uniform 
initial wall temperature it reduces to 

T(vl, 8 = exp ( - r) 5 ew ( - i) 10 [2&3l di 
0 

(24) 

T’(c 5) = exp (- ?) 
i 

I + (,/vl) 
r 

x 
d‘ 

exp& ‘) &[2,/M)l di 
I 

. (23 

Using equation (24), T(q, 5) has been calculated 
for q = 5 and 10 at several points. The results 
are compared with the numerical solution in 
Table A 1. 

Table Al. Comparison of exact and numerical solutions 

7=5 q = 10 

5 T(exact) T(num)t 

0.05 000037 0~00038 
0.20 0.00192 0~00191 
0.45 OGO609 0.00608 
0.80 0~01570 0.01568 
1.25 0.03520 0.035 I5 
I.80 0.07032 0.07024 
2.45 0.12678 0.12670 
3.20 0.208 13 0.20803 
4.05 0.31343 0.31338 
5.00 0.43608 0.43605 

0.10 
0.40 
@90 
1.60 
2.50 
3.60 
4.90 
6.40 
8.10 

IOQO 
- 

T(exact) T(num)S 

00000 1 0~00002 
o.oooo7 000008 
@00044 woo049 
0.00213 0.0022 1 
000833 0.00832 
0.02657 0.02672 
0.06993 0.07028 
0.15373 0.15399 
0.28547 0.28569 
0.45494 0.45506 

t Values interpolated from numerical results using a 
third degree polynomial. with A< spacings of $. 

$ Values interpolated from numerical results using a 
third degree polynomial. with A( spacings of 4. 

For use with equations (8), (11) and (13), the 
derivatives T,, T2, Twl, and Tw2 are needed. The 
governing partial differential equations readily 
give 

T,(?, 0 = - L,(r, 5) = 7” - T. 

Values of these derivatives have been calculated 

* Jakob [6] presents this solution. which provides for an 
arbitraryinitial wall temperature distribution. 
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thusly during the computation of T and T,. 
They are presented in Fig. 2(a) and Table 2(a). 

The derivative T,, has been computed using 
a five-point formula [ll] during the computa- 
tion of T and T,. The size of increments used 
during computation was A5 = Q. The formula 
used was 

where the subscripts indicate increments to 
one side or the other of t. The results are pre- 
sented in Fig. 2(b) and Table 2(b). Obtaining this 
derivative at 5 = 0, however, was not possible 
with this formula. Rather than using an off- 
center formula here, it was calculated from the 
derivative of the exact solution, equation (25). 
That is 

L(% 0) = ? exp ( - ~1. 

In the text it is stated that T(x, y) = 
1 - T,(y, x). Partial differentiation of this rela- 
tionship with respect to x gives 

Tr(x, Y) = - T~J,.Y, 4. 

Therefore, Tl is found from Table 2(b) also, but 
the arguments are interchanged. 

The function 

is just the solution where the fluid enters at 
temperature zero, and the initial wall tempera- 
ture distribution is u = 5. The initial temperature 
distribution in the fluid is 

t(0, t;) = 5 + exp(- 5) - 1, 

therefore, the functions U and U, have been 
evaluated by inserting these relationships for 
initial temperature distributions and calculating 
equations (23) and (22) precisely as done in 
obtaining T and T,. 

The function 

WI, 5) = v - j T(7, 0 d7 

for use with the arbitrary entering fluid tempera- 
ture problem is found to be conveniently related 
to the function U,. When the identity 

T(7, 5) = 1 - TX, 7) 

is substituted into the above relationship, the 
result is 

Similarly, 

I/,(% 5) = U(L rl). 

Therefore, these functions are to be found in 
Table 3 with U and U,. The subscripted 
arguments of the table headings indicate how 
enter the table. 

%SIUII&-II est possible, au moyen de simples calculs a la main, de determiner les temperatures du fluide 
et du solide a n’importe quel moment et a n’importe quel endroit d’un tchangeur de chaleur a rkcuperation. 
Les mtthodes dkcrites s’appliquent aux cas ou la temperature initiale varie arbitrairement avec la position 
longitudinale dans la matrice etoir la temperature du lluide a l’entrke varie avec le temps d’une facon 
arbitraire. La solution du probleme avec une temperature initiale de matrice uniforme et une temperature 
constante du fluide a l’entrke a Cte publike auparavant [14] et present&e ici sous forme de tableaux et de 
courbes pour les valeurs des parametres rl et 5 de 0 a 20. Les solutions pour le cas d’une distribution 
lineaire de la temperature initiale de matrice et une variation linkaire de la temperature du lluide ii l’entrte 
sont egalement presentees sous forme de tableaux et de courbes dans la meme gamme de pararnetres. On a 
ttendu, par superposition, ces rtsultats aux cas d’une temperature initiale de matrice arbitraire et d’une 
temperature de fluide a l’entrke arbitraire. Deux methodes sont utiles pour l’obtention de resultats 
numtriques. L’une consiste a calculer une integrale de convolution qui implique la condition arbitraire. 
L’autre consiste a approcher la condition initiale (et/au a la limite) arbitraire par un certain nombre de 

segments linbires et a superposer les solutions tabultes. 

Zusammenfassung-Mit Hilfe einfacher Handrechnungen ist es miiglich, die Temperaturen von Fliissigkeit 
und Wand zu beliebigen Zeiten und an beliebigen Stellen fiir einen regenerativen Wiirmeilbertrager zu 
bestimmen. Die beschriebenen Methoden gelten fur Fllle, in denen sich die Anfangstemperatur beliebig 
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mit der Ungsrichtung in der Matrize Udert und die Eintrittstemperatur der Fliissigkeit beliebig zeit- 
vertinderlich ist. Die Liisuna des Problems mit einheitlicher Matrize fiir die Anfangstemperatur und 
konstante Eintrittstemperatur ist bereits f&her veraffentlicht (l-41 und wird hier in Form von Tabellen 
und Kurven fti Werte der Parameter v und 5 von 0 bis 20 wiedergegeben. Die LCsungen fiir eine Iineare 
Matrize der Anfangstem~ratur und lineare Anderung der Eintrittstemperatur sind ebenfalls in Form von 
Tabellen und Kurven im gieichen Parameterbereich angegeben. Durch Oberlagerung werden diese 
Ergebnisse auf die FUe mit beliebiger Matrize fiir die Anfangstemperatur erweitert. Von zwei Methoden 
ist jede niitzlich zur Ermittlung numerischer Ergebnisse. Nach der einen Methode ist ein Linienintegral 
unter Einschluss einer beliebigen Bedingung auszuwerten; nach der anderen eine beliebige Anfangs- 
(und/oder Rand-) bedingung durch eine Reihe linearer Segmente anzunlhern und tabellierten LGsungen 

zu iiberiagern. 

AHHOTBIVIJI-C nomowm npocrblx pacreToB MOH(HO onpeAemrrb TeanepaTypbl HF%ZP;KOCTI~ N 
Tsepnoro Tena B ndoe spew II 3 ~11060~ PdecTe B pereHepaT5iBaoM TennooBMeiinuKe. Once- 
caHnbre MeTogbl npu~emmTcfi K cnyqam, rge Havanbnaa TemepaTypa npollsBosbH0 

uaMeHReTcfs c u3nfeHeHuerd npoAonbHoi KOOpAUHaTbI B MaTpaqe, a TenfnepaTypa W~AKOCTU 

Ha sxofie - co speMeHer. PemeHae aagaqrr 06 onpeAenenuB wavaabHon TeMnepaTypn, 
aankieaHrioZL B suge O~HO~OA~O~ aaTpum npu n0i20R~~Ofi TemepaType HcU~K~~TH ua 

BxoAe, Barn0 paHee ony6~uKoBaHo B [l-41. B A3H~O~ pa6OTe aT0 perueHue npeA~TaB~e~0 B 
Bllze TaBJruq H KPUBHX B uHTepsaae napaMeTpoB q u t OT 0 AO 20. TaKme B ,BaAe Ta(iJrctY II 
K~UBHX scorn iKe~uana3onenapameTpoBnpu~0~fl~cfl pememsfi~nfiTe*nepaTypbr,aanucaa- 
HOti B BuAe JNiHetiHOlt Ha'IaJrbHOt MaTpuL&I, II ,lJJIfi TeMnepaTyp HFUAKOCTU Ha BXORe, 113- 

MeHRIOlQUXCR II0 JlUHefiHOMy 3aKOHy. nOJIb3yRCb CyuepnO3UlVfe#, OTU pe3yJIbTaThl MOHCHO 

npmiemmb K cnyqam npouaBonbHarx MaTpuq Havanbnolt TemepaTypbI II HCUAK~CTU Ha 

BXOAe. Ha?KJ@Ifi SI3AByX MeTOaOB MO2KHOUCllOJIb3OBtiTb~JIfS nOnyveHURqUCneHHnXpe3ynb- 

TD\TOB. nepi3bld MeTOE IiOt?BOJlReT OUpexe~UTb HHTerpan CBepTKlZ, KOTOpblih J'YUTblBaeT 

npouaBo~bHoe yesoBue; ~pyroltr AonycKaeT a~~poKcuMa~~ ~~ouaBo~bH0~ Ha~a~bHOro 

{UJiu rpaFiWlHOr0) yC.iIOBufl C IlOMOIQbU3 HeCKOJIbHUX JlUHehiblX CerYeHTOB U KOMFjllHaQUIO 

npOTa6yJIUpOBaHHbIX PeIUeHUi. 


