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Abstract—By means of simple hand calculations it is possible to determine fluid and solid temperatures at
any time and location in the regenerative heat exchanger. The methods described apply to cases where the
initial temperature varies arbitrarily with longitudinal position in the matrix and the entering fluid tem-
perature varies arbitrarily with time. The solution to the problem with uniform initial matrix temperature
and constant entering fluid temperature has been published previously [1-4] and is presented herein in the
form of tables and curves for values of the parameters  and ¢ from 0 to 20. The solutions for the linear initial
matrix temperature and linear entering fluid temperatures are also presented in the form of tables and
curves for the same range of parameters. By superposition, these results are extended to the cases of arbitrary
initial matrix temperature and arbitrary entering fluid temperature. Either of two methods is useful in
obtaining numerical results. One is to evaluate a convolution integral which involves the arbitrary con-
dition. The other is to approximate the arbitrary initial (and/or boundary) condition by a number of linear
segments and to superimpose the tabulated solutions.

NOMENCLATURE

m, fluid mass flow [1b/h];
A, open flow area [ft*]; p, pressure [1b/ft?];
C, specific heat, wall [Btu/IbdegR]; q, heat flux [Btu/h ft?];
Iy, I,, modified Bessel functions of the first t, fluid temperature °R];
kind; t, wall temperature;
M, mass per unit length, wall [Ib/ft]; u, entering fluid temperature;
P, wetted perimeter [ft]; Uy, entering fluid temperature at time #;
R, gas constant [ft 1b;/IbdegR]; v, initial wall temperature;
ay, a,, derivatives of approximating function Vs, initial wall temperature at location &;
U5 x,y, illustrative variables;
by, b,, derivatives of approximating function z, distance from entrance [ft];
u,; Y, ratio of specific heats;
¢y €y,  specific heats, fluid (constant pressure, ¢, dummy variable, 0 < { € ¢;
volume); n, = hPO/MC, dimensionless time ;
h, heat-transfer coefficient 0, time [h];
[Btu/h ft?degR]; ¢, = hPz/mc,, dimensionless length;
0, fluid density [Ib/ft3];
T, dummy variable,0 < 7 < 1.

* This work was partially sponsored by the Arnold
Engineering Development Center, USAF, under Contract
AF 40(600)-1094.

INTRODUCTION

A LARGE quantity of fluid can be quickly heated
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(or cooled) by passing it through a heat storage
device. Much higher effective heat-transfer rates
can be achieved during a short high mass flow
period in such a heat exchanger than might be
available from the primary heat source (or sink).
As an example, consider the heating of a stream
of air for a blowdown-type wind tunnel. Here,
the mass flow rate may be of the order of
10 Ib/s and the duration 1 min. Now, the time
available for recharging the heat exchanger may
be of the order of several hours. It therefore is
most convenient to design the recharging
system such that a low heat-transfer rate could
be used over this entire period to replace the
energy removed.

This type of operation is not strictly “periodic™
since consecutive wind tunnel runs will require
different mass flows, temperatures and durations,
and recharging periods will vary as well. The
approach to calculating the performance of
such a heat exchanger has consequently been
to determine the transient temperatures once
the initial temperature distribution is given.
Here, the initial temperature is far from uniform
and the entering fluid temperature can vary
appreciably with time. It is this application which
has prompted the present investigation.

In 1926, Anzelius [ 1] obtained the solution for
the condition of a constant entering fluid tem-
temperature. Solutions were also obtained by
Nusselt [2], Hausen [3, 5], and Schumann [4] at
about the same time. Jakob [6] presents a rather
detailed account of these works. The plots given
by Hausen for the case where the initial tem-
perature is uniform have been reproduced by
Jakob[6], and Eckert and Drake[7]. The
present paper also includes such plots for use
with the methods to be described.

A graphical method due to Hausen [8] which
can treat also the arbitrary initial and boundary
condition problems is described by Jakob. This
is essentially a step-by-step procedure which
requires iteration. The author has used a numeri-
cal adaptation of this method, which eliminates
the need for iteration, in preparing Tables
1,2 and 3 and Figs. 1-3. Another finite difference
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approach is the “heat-pole method” due to
Hausen [8]. It deals with the problem of arbitrary
initial temperature distribution, using super-
position of heat-pole functions to construct the
solution required.

A paper of Klinkenberg and Harmens [9]
utilizes the solution to the problem with uniform
initial temperature and constant entering fluid
temperature as a fundamental function and
develops the solution for arbitrary conditions.
His results are in agreement with equations (7)
and (10) derived in the analysis below.

ANALYSIS

For the purposes of analysis, we shall adopt
the concept of the regenerative heater matrix
being comprised of one or more identical,
parallel, thin-walled ducts. It will be assumed
that the wall is sufficiently thin and its thermal
conductivity is sufficiently high such that tem-
perature variation within the wall thickness is
negligible. It will also be assumed that effects of
conduction in both the wall and the fluid in the
direction parallel to flow are negligible.

The heat transfer between the wall and the
fluid is governed by the constant film coeflicient,
h. The heat-transfer area per unit length of the
matrix—the wetted perimeter-—is P. The mass
per unit length of matrix material is M. These
quantities, as well as specific heats, are constants.

In the matrix, consider an element of length
Az parallel to the direction of flow. See Fig. 4.
Now at time 0, fluid enters the element at the
temperature t; and leaves the element at the
temperature t,.

The internal energy in the control volume is
ctpAA,. By the conservation of energy principle.
the rate of internal energy change is equated to
the net rate of energy passing into the control
volume.

ot

?
ch 2 9P 1an,

AA, + ¢, 20

= Cpn.'lxtl - Cprhztz + qPAz.
Rearranging and taking the limit as A, tends to
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Zero gives
ot dp .ot
,,p(3014+c,,66tA+c‘,,ta ma—z—qP.
(1)

From continuity and the assumption of a
perfect gas there are the relationships

o __ o
0z 00
and
op_lop p 0t
00 Rtdd Rt*o0

The convective heat transfer per unit length is
gP = hP(t,, — t). Making these substitutions,
equation (1) becomes

Ap ot 1N A op ot
<l_§>;n'—R%+5z—cpm(tw £

EXCl

Normally the second term on the left-hand
side is very small and may be neglected. In this
case, we have equation (2),

Apot ok
wm o8 ' 0z c M
Secondly, the equation which governs the

temperature of the stationary wall can be im-
mediately written

ot, _ hP

00~ MC
It was this mathematical model which Schumann
analyzed [4].

Investigation of the orders of magnitude of
the terms in equation (2) has shown that the
term (Ap/m) 0t/06 is usually small. Suppose, for
example, the approximation

o o,
00 =~ 06
This substitution with equations (2) and (3)

gives
X2 (1 A”c) tw—0. (@
z cgn

(t - 3)

Subtracting equation (4) from equation (2) yields

Ap o EApcp t —
m o0 corit MC ™% ’

The ratio of the two terms of the left-hand side
of equation (2) is now found to be

(Ap/ir) 0t/00 1 ‘
ot/oz 1+ MC/Apc,

It is therefore apparent that when the ratio
MC/Apc, is large, the term (Ap/m) 0t/06 may
be neglected.

The remainder of the analysis will be restric-
ted to the simplified model having the following
partial differential equations in dimensionless
form, which come from equations (2) and (3),
respectively. Assuming (Ap/m)ot/00 = 0,

oT

=T, -T 5
oF T, 5
Tw_7_1, (6)
on

where ¢ = hPz/com, n = hPO/CM
T=0t-ww-w T,=I(@, —u
(v — u).
u = entering fluid temperature

and v = initial wall temperature.

With the initial condition T, = 1 at y = 0
and the boundary condition T =0 at & = 0,
Hausen [3] produced curves of the solution. He
plotted the reduced temperatures against & with
n as a parameter. Following this convention,
Fig. 1 presents the solution for use in the current
work. A tabular presentation is also supplied in
Table 1. The values contained herein have been
generated with a finite difference technique by
digital computer. Comparison of these results
with the exact solution (equation 24) has been
made at several points. This comparison and
details regarding the finite difference technique
are included in the Appendix.

Examination of equations (5) and (6) and the
initial and boundary conditions discloses a sort
of symmetry. Consequently, the temperature



FLOYD W. LARSEN

152

L096-0 6¥¥6:0 8€76:0 £968-0 01980 69180 0£9L-0 06690 75790 1£450 1SSH-0 01
$9L6:0 65960 ¥156-0 91£6-0 7506:0 60L8-0 1L780 6TLLO SLOLO 11£90 £545-0 6
0,860 $086-0 TIL60 08560 96£6-0 LY160 S1880 $8€8-0 6£8L0 1L1LO 61£90 8
¥£66-0 86860 ¥186-0 £9L6:0 9960 0876:0 L¥T6:0 0£68-0 80680 ¥96L-0 78TL0 L
10660 7566:0 ¥266:0 0886-0 71860 TIL6O ¥956:0 75£60 ¥506:0 L¥98-0 90180 9
68660 1866-0 89660 LY66:0 £166:0 65860 9LL60 0596-0 £9v6:0 68160 £088-0 S
9666-0 ¥666-0 6866-0 08660 9966-0 5660 20660 8£86:0 9€L6:0 LLS6:0 9¢€60 v
66660 8666-0 L6660 £666-0 06660 18660 9966-0 01660 $686-0 61860 $696-0 €
0000-1 00001 0000-1 66660 8666-0 9666-0 76660 ¥866-0 04660 £966:0 $686:0 4
0000-1 0000-1 00001 0000-1 0000-1 0000-1 6666-0 86660 $666:0 06660 6L660 1
0000-1 00001 00001 0000-1 0000-1 0000-1 00001 00001 0000-1 00001 00001 0
(174 61 81 LT 91 S1 ¥1 ¢l 4! 141 01 = "“U*3 2l
86200 LY10-0 LLOOO 9€00-0 $100:0 $000-0 70000 0000-0 0000-0 0000-0 0000-0 0T
69£0-0 L1Z00 81100 8500-0 $200-0 6000-0 £000-0 1000-0 0000-0 0000-0 0000-0 61
1280-0 L1€00 8L10-0 0600-0 1400-0 9100-0 $000-0 10000 0000-0 00000 0000:0 81
STLOO 95+0-0 $920-0 0100 9900-0 LT00-0 6000-0 70000 0000-0 0000-0 0000-0 LT
¥660-0 990-0 06£0-0 S120-0 90100 $$00-0 91000 $000-0 1000-0 0000-0 0000-0 91
THET0 £060-0 $950-0 ¥2€0-0 L9100 $L00-0 8200-0 80000 7000-0 0000-0 0000-0 9
08L1-0 ovzI-0 9080-0 78¥00 65200 7100 8100-0 $100-0 £000-0 00000 0000-0 vI
0T€20 £L91-0 0€11-0 $0L0-0 L6£0-0 9610-0 78000 92000 9000-0 1000-0 0000-0 £l
$962-0 917T0 95510 11010 L6500 11£0-0 LETO0 8400-0 1100-0 1000-0 0000-0 4
€ILEO PL8TO 86070 STYI-0 £880-0 98%0-0 82200 $800-0 72000 £000-0 0000-0 1
1S$%0 6¥9¢-0 TLLTO 9961-0 6LT1-0 ¥rL0-0 1L£0-0 8¥10:0 TH00-0 9000-0 0000-0 o1
£5S-0 9ZSH-0 vLSE0 05920 €181:0 SIIT-0 $650:0 9570-0 6L00-0 71000 0000-0 6
6L€9:0 8LYS-0 L6¥H-0 98¥€-0 80570 SE91-0 0£60-0 YEPO-0 LY100 9200-0 0000-0 8
782L0 65¥9-0 80550 9%0 8LEE0 9E€£T-0 1744 80] TTL00 0L20:0 $$00-0 0000-0 L
90180 TIvL0 §5590 ¥155:0 81vp-0 ¥Te-0 €210 1L11-0 L8Y0-0 $1100 0000-0 9
£088-0 10280 L9SLO 70990 06550 09€%-0 690¢€-0 0S81-0 09800 £€20-0 00000 S
9£€6:0 8L68-0 99180 LSLLO 12890 0595-0 8%K0 0£82:0 6LY1-0 Y00 0000-0 14
¥696-0 £6v6:0 8L16:0 8698-0 866L-0 610L-0 1€L50 9140 89420 L£600 0000-0 €
$686-0 6086-0 65960 YO¥6-0 $868-0 S1£8-0 10€L-0 £585-0 $96€-0 $T81-0 0000-0 4
6L66:0 LS66:0 £166:0 L7860 09960 SHE6-0 89.8-0 TSLLO 8509-0 95¥¢-0 0000-0 I
0000- 66660 L6660 16660 $L66:0 ££66:0 L1860 70560 L¥98-0 12€9-0 0000-0 0
o1 6 8 L 9 S 4 £ 4 1 0="t3 2k

("9 )" — 143 W) uonounf sanipiadwiay paonpay 1 3|qu |,



153

RAPID CALCULATION OF TEMPERATURE IN A HEAT EXCHANGER

$e10:0 68000 £500-0 6200-0 ¥100-0 9000-0 2000-0 1000-0 00000 0000-0 0000-0 {4
78100 ¥C10-0 8L00-0 000 £200-0 0100-0 $000-0 1000-0 00000 00000 00000 61
200 0L10-0 1110-0 9900-0 $€00-0 9100-0 9000-0 <0000 00000 0000-0 00000 81
1800 87200 §S10-0 L600-0 $$00-0 LT000 1100-0 $000-0 1000-0 0000-0 0000-0 LT
$6£0-0 10£0-:0 1200 6£10-0 7800-0 000 8100-0 9000-0 7000-0 00000 0000-0 91
68¥0-0 88£0-0 8870-0 L6100 cCioo 99000 1€00-0 1100-0 £000-0 0000-0 0000-0 9
6850-0 8810-0 6L£0-0 1L20-0 LLTOO 70100 0500-0 02000 9000-0 10000 0000-0 14!
0690-0 8650-0 98¥0-0 99¢£0-0 16700 £510:0 0800-0 $£00-0 0100-0 ¢000-0 0000-0 £l
£8L00 01L0-0 90900 08¥0-0 8v£0-0 97200 LT10-0 8500-0 6100-0 $000-0 0000-0 4!
9680-0 $180-0 1€L00 ¢190-0 0LY0-0 §Te00 $610:0 9600-0 $£00-0 L000-0 00000 11
8680-0 8680-0 05800 £6L00 $190-0 ¥$v0-0 £620-0 8610-0 ¥900-0 $100-0 0000-0 01
86800 LY60-0 8v60-0 16800 SLLOO ¥190-0 800 15200 1100 0£00-0 10000 6
0580-0 81600 9001-0 9001-0 L£60-0 86L00 +090-0 88¢0-0 ¥610-0 1900-0 €0000 8
£€5L0-0 1680-0 9001-0 9L01-0 LLOT-O0 76600 8180-0 08500 9£00 8110-0 60000 L
$190-0 SLLOO L£60-0 LLOT-O S9T1-0 9911-0 9501-0 7€80:0 6250-0 9770-0 $200-0 9
PSv0-0 $190-0 86.0-0 76600 9911-0 6L21-0 18210 (42881 §T80:0 v00 L900-0 S
£670-0 8T¥0-0 #0900 8180-0 9501-0 181-0 33480 6¢v1-0 0zz1-0 19L0-0 £810-0 14
8510-0 1520-0 88€0-0 0850-0 €800 €110 6£V1-0 89910 8L91-0 11e1-0 86¥0-0 £
¥900-0 Z110-0 ¥610-0 9¢£0-0 6750-0 $7800 0CC1-0 8L91-0 CLOT0 81120 £5¢€1-0 [4
$100:0 0£00-0 19000 81100 97700 w00 19L00 11€1-0 81120 L80E-0 6L9¢€-0 I
0000-0 1000-0 £0000 6000-0 §200-0 L9000 £810-0 86¥0-0 £SE1-0 6L9¢-0 0000°1 0
01 6 8 L 9 S v £ [4 ! 0=2 b
QWL — QWL uonounf aunpiadwal paompau fo aanparda( (v)g 21v L
$89%-0 6v0r-0 £Tre-0 7820 19220 SSLT0 143380 ¥60-0 84900 w00 85700 0c
81¢60 SL9Y0 ¥20t-0 78¢€0 L9LTO 96120 £891-0 (7480 ¥L80-0 $850-0 69£0-0 61
0965-0 9tts-0 999%-0 L66¢-0 8e€e-0 80LZ-0 STITO 9091-0 £911-0 1080-0 1250-0 31
$659-0 9865-0 SEES-0 LS9Y0 896¢€-0 067¢-0 £v97-0 6¥0T-0 14384 1801-0 §TLO-0 L1
€07L-0 L£99-0 $109-0 SYes-0 9oP-0 9¢6¢-0 LETEO YLST-O L961-0 9tv1-0 $660-0 91
OLLLO 09¢L0 £899-0 +09-0 95¢5-0 PE91-0 006¢-0 081¢-0 L6YT-0 8L81-0 [4438Y ST
0878-0 8¢8L-0 (44780 £€L9-0 8L09-0 89¢£6-0 12910 198¢€-0 911¢-0 €170 08L1-0 14
€7L80 §6£8-0 116L-0 68tL-0 88L9-0 $119-0 18£5-0 LO9Y-0 818¢-0 ¥¥0¢E-0 0TET0 €1
26060 66L8-0 PEv8-0 066L-0 9vL-0 81890 $S190 96£5-0 16540 69L¢-0 §967-0 4!
$8¢6-0 $916:0 8L88-0 61580 9L08-0 wsL-0 $169-0 1029-0 [482%Y LSY0 A ARY 1



SL80-0 2260-0 £260-0 L80-0 89.L0-0 6190-0 Str0-0 vLC00 €100 P00-0 0000 01
6C80-0 1260-0 $L60-0 8L60-0 L1600 ¢6L0-0 §190-0 1900 Y200 £800-0 1100-0 6
6£L0-0 L9800 PL60-0 6£01-0 010 6960-0 91800 1090-0 £9¢0-0 9510-0 L7000 8
11900 09L0-0 6060-0 L£01-0 81110 €TI0 0¢01-0 9£80-0 L9S0-0 7820-0 ¥900-0 L
19%0-0 11900 78L00 8560-0 S111-0 81CI-0 STTI0 $011-0 8¥80-0 S6+0-0 6¥10-0 9
60£0-0 0¥¥0-0 $090-0 ¢080-0 y101-0 c1Z1-0 0S€1-0 £9¢1-0 L611-0 1€80-0 LEEOO S
8L10-0 £LC0 80%0-0 8860-0 9180-0 6L0T-0 [44380) LESTO $9s1-0 SIET-0 £€L0-0 4
800-0 8¢10-0 $2C00 86£00 75500 8180-0 Zs11-0 12810 1€81-0 LO6T-0 {480 3
L700-0 05000 1600-0 29100 ¢870-0 8L¥0-0 Z8L0-0 0ccI-0 68LT-0 L8ET-0 LOLTO <
$000-0 6000-0 6100-0 0t00-0 Z800-0 9910-0 87¢€0-0 $€900 6110 SS120 6L9¢-0 1
0000-0 00000 00000 0000-0 0000-0 0000-0 0000-0 0000-0 0000-0 0000-0 0000-0 0
01 6 8 L 9 S 4 3 4 I 0 =" u
("2 WL (3 W' — uonounf aunivaadwal paonpad fo aanvaraq (q)g 219v L
Z
53]
w
wnn ££90-0 ££90-0 9190-0 ¥850-0 9€50-0 SLY0-0 9010-0 £££0:0 09200 $610-0 S£100 0t
= ££90-0 6¥90-0 0590-0 2€90-0 9650-0 P¥50-0 6L$0-0 S0v0-0 LTE0-0 16200 <8100 61
. 9190-0 0590-0 L990-0 L990-0 8%90-0 6090-0 £650-0 £8¥0-0 £0r0-0 02¢0-0 1$20-0 81
3 $850-0 2£90-0 £990-0 L8900 L8900 9990-0 $790-0 2950-0 9870-0 00+0-0 7100 Ll
[a) 9€50-0 9650-0 8+90-0 L8900 80L0-0 80L0-0 $890-0 6£90-0 1L50-0 88¥0-0 $6£0-0 91
M SLY0-0 9500 6090-0 9990-0 80L0-0 CeL0-0 ¢eL0-0 90L0-0 §690-0 0850-0 68¥0-0 ST
- 90+0-0 6L¥0-0 £660-0 +290-0 $890-0 TeL00 86L00 85L00 6CL0-0 ¢L90-0 6850-0 4
- £££0-0 So¥0-0 £810-0 2950-0 6£90-0 90L0-0 86L00 98L0-0 L8LO-0 §SL0-0 06900 £l
09¢0-0 LTe00 £0v0-0 98+0-0 1LS0-0 §690-0 6TL0-0 L8LO-0 6180-0 61800 £8L00 4!
¥610-0 1520-0 02€0-0 00+0-0 88¥0-0 0850-0 <L90-0 $SLO-0 6180-0 9680-0 96800 11
$E10-0 ¢810-0 1$20-0 ¢1e00 $6£0-0 6840-0 68500 0690-0 £8L0-0 9$80-0 8680-0 01
6800-0 $C10-0 0L10-0 87¢0-0 10£0-0 88¢0-0 88¥0-0 8650-0 01L0-0 ¥180-0 86800 6
£500-0 8L00-0 1T10-0 §S10-0 V1200 88¢0-0 6L£0-0 9840-0 9090-0 1€L0-0 0580-0 8
6200-0 000 99000 L600-0 6£10-0 L610-0 1L20-0 99¢0-0 08+0-0 1900 £5L0-0 L
¥100-0 £200-0 §£00-0 5000 2800-0 ¢C10-0 LLTOO0 1520-0 8v£0-0 0LY0-0 $1900 9
5000-0 0100-0 9100-0 L2000 v00-0 9900-0 0100 £510-0 9700 §2€0-0 PS¥0-0 S
2¢000-0 $000-0 9000-0 11000 8100-0 1£00-0 05000 0800-0 LT10-0 $610-0 £6¢00 4
10000 1000-0 20000 +000-0 9000-0 11000 02000 £00-0 8600-0 9600-0 86100 €
0000-0 0000-0 0000-0 1000-0 <000-0 £000-0 9000-0 0100-0 6100-0 $£00-0 $900-0 [4
0000-0 0000-0 00000 00000 00000 0000-0 1000-0 20000 $000-0 L0000 $100-0 I
0000-0 0000-0 0000-0 0000-0 00000 0000-0 0000-0 0000-0 0000-0 0000-0 00000 0
0T 61 81 Ll 91 Sl 14! £l 4! 11 ot =2 l

154

‘pmod—(v)g a1qo |



155

RAPID CALCULATION OF TEMPERATURE IN A HEAT EXCHANGER

$790-0
60900
LLSOO
1€90:0
°Lr00

90¥0-0
£€0-0
¥970-0
86100
1v10-0
¥600-0
85000
££000
L1000
80000

£000-0
1000-0

1¥90-0
1¥90:0
¥290-0
6£90-0
6£50:0

9L¥0-0
SO¥0-0
0££0-0
95200
88100

0€10-0
£800-0

0€10-0
9L10-0
$£20-0
L0£00
£6£00

06+0-0
96500
0L0:0
0080-0
LL800

iv90-0
86900
85900
68500
<0900

8¥50-0
08%0-0
£0v0-0
£2£00
9v20-0

9L10-0
81100
¢L000

0200-0
80000
£000-0
1000-0

0000-0
0000-0
81

£800-0
L1100
£910-0
00
9620-0

$8£0-0
6800
+090-0
£TL0-0
$£80-0

¥290-0
8690-0
LL900
L0900
9$90-0

9190-0
LSSO0
£8¥0-0
10%0-0
91£0-0
€200
£910-0
¥010-0
19000
1£00-0

¥100-0
$000-0
1000-0
0000-0
0000-0

0000-0
Ll

8¥00-0
L0000
$010-0
LY10:0
90¢0-0

1820-0
¥LE0-0
98%0-0
¢190-0
SYLO-0

0650-0
0¥90-0
LL900
L690-0
L6900

$L90-0
0£90-0
99¢0-0
98+0-0
L6£00

90£0-0
1220-0
8%10-0
0600-0
6¥00-0

£2000
6000-0
£000-0
0000-0
0000-0
0000-0
91

92000
6£00-0
0900-0
68000
0€10-0

L8100
9200
65€0-0
3L¥00
L1900

1500
£090-0
LS90-0
8690-0
02.0-0

61,00
$690-0
S¥90-0
SLSOO
L8Y0-0

16£0-0
¥670-0
$020-0
1£10-0
$L000

L£000
S100-0
S000-0
1000:0
0000-0
0000-0
!

¢100-0
61000
0£00-0
8000
vL00-0
11100
§910-:0
0¥¢0-0
6££0-0
990-0

8L¥00
0550-0
L190-0
9490-0
02L0-0

¥rLO-0
¥¥L0-0
91L0:0
990-0
£850-0

88100
£8¢0-0
08¢0-0
L8100
<1100

65000
9200-0
60000
20000
0000-0
0000-0
4!

S000-0
80000
£1000
<2000
9¢00-0

LS000
06000
0¥10-0
100
11€0-0

90¥0-0
8¥0-0
65500
€900
9690-0

SPLO-0
LLOO
JLL0-0
0rL0-0
6L90-0

26500
98%0-0
C¢LEO0
1920-0
99100
26000
£v00-0
91000

0000-0
0000-0
¢l

10000
2000-0
+000-0
80000
¥100-0
¥200-0
1#00-0
8900-0
11100
LLTO-0

1€€00

S8¥0-0
8950-0
8¥90-0

81,00
LL00
70800
70800
L9L0-0

86900
0090-0
800
LSE00
6£¢00

7100
0L00-0
87000
8000-0
10000

0000-0
4

00000
10000
10000
<0000
¥000-0
8000-0
1000
$200-0
S¥00-0
8L00-0

96200
§7L00
£0v0-0
88¥0-0
LLSO-0

¥990-0
evLO-0
£080-0
LE80-0
9¢£80-0

96L0-0
81,00
9090-0
PL¥0-0
9££0-0
¢170-0
£110:0
8%00-0
¥100-0
2000-0
0000-0
11

0000-0

0000-0
00000
1000-0
1000-0
£000-0

1100-0
22000

8810-0
L¥20:0
L1£00
66£0-0
06¥0-0

9860-0
£890-0
0LL0-0
8£80-0
9L80-0

$L800
62800
6£L00
11900
19%0-0

60£0-0
8L100
78000
L2000
$000-0

00000

or ="

0000-0
0000-0
0000-0
0000-0
0000-0

0000-0
0000-0
0000-0
1000-0
2000-0

0T
61
81
Ll
91

ST
14
el
4
1T



FLOYD W. LARSEN

156

5016 [£38" LITL 90£9 Lzrs L8SY L6L€ $90-€ wor-T L181 8I€1 01
9001 L80'6 8Z1-8 981-L 929 8LES 8Ts¥ LeLg 9862 91€T LeL1 6
£0-T1 001 0L06 018 9ST-L 8¢T-9 62€-S 89vv 959-€ 06 92T 8
1021 011 £001 506 808 LTlL 0619 08Z§ LOY¥ £85-€ 6187 L
10€1 1021 2011 €001 0v0-6 908 601-L €519 eTs orEp L0S€ 9
001 00-€1 10Tt 10-11 7001 820-6 908 SLO-L 8119 (3] 8 v8T¥ S
00T 00-v1 001 00Tl 10-11 10-01 8106 1€0-8 ws0-L 9809 6€1°S v
0091 00<1 00v1 00-€1 00Z1 0011 1001 0106 810-8 0L 9509 €
00-L1 0091 00T 00-¥1 00-€1 00-C1 0011 0001 $00-6 600-8 L1I0L 4
0081 00-L1 0091 0051 00-+1 00-€1 00zl 00-11 0001 100-6 £00-3 I
0061 0081 00-LT 0091 0051 00-+1 00-€1 00Tl 0011 00-01 0006 0
0z 61 81 L1 91 S1 14! €l a I o ="k "y

00v0-0 70200 76000 8£00:0 #100-0 0000 1000-0 00000 00000 00000 00000 0z
6650 11£00 85100 £900-0 £200-0 L0000 20000 00000 0000-0 00000 0000-0 61
88800 9LH00 £€70-0 £010:0 0v00-0 £1000 £000-0 1000-0 0000-0 00000 00000 81
€0€1-0 61,00 ¥9£00 L9100 L9000 £200-0 90000 10000 0000-0 0000-0 0000-0 LT
L88T-0 SLOT-0 9500 L9200 AR 0v00-0 11000 20000 00000 0000-0 0000-0 91
10LT-0 L8ST-0 1980-0 vIr00 $810-0 6900-0 12000 §000-0 1000-0 00000 00000 S1
918£0 vIET0 00€1-0 £9900 70£0:0 81100 L£000 6000-0 1000-0 00000 00000 14!
81£5-0 62EE0 9€61-0 62010 88¥0-0 00200 L9000 L1000 £000-0 00000 00000 €1
90£L0 o SP8C-0 zus1o 8LL00 vEE0-0 81100 €000 $000-0 0000-0 00000 4!
88860 86590 61110 L9ET0 §ZT1-0 £550:0 L0200 6500-0 11000 10000 0000-0 I

81ET 9L06:0 0L85-0 015€-0 6681-0 10600 L§E00 6010-0 1200-0 70000 0000-0 01

Lzt 8cT 1 82780 12160 66820 8¥¥1-0 6090-0 6610-0 £400-0 #0000 0000-0 6

9CeT €91 £ET-1 TPELO 0SEr-0 06220 £201-0 65€00 #8000 80000 00000 8

618-C 1€1T 4391 £€0°1 80190 855€-0 76910 6£900 9100 81000 00000 L

L0S€ 0£LT 00T v 760 £2r5-0 8YLTO 0ZIT-0 91£0-0 0000 00000 9

V8T 6Th€ 9£9-Z 6l 80€-1 76080 LLEVO 0£61-0 00900 L8000 0000-0 S

6€1:6 wey 6pE€ 9€5°T S08-1 0811 81890 79260 STIT-0 88100 00000 v

950-9 960+ (2187 992:€ 6h-C 9L9-1 9€0-1 T6£5-0 vLOT0 10¥0-0 00000 £

L10L 1£0-9 LSOS £0T-¥ (418 pIET 0gs'T 68980 8PLE-O 05800 0000-0 [4

£00-8 900-L 7109 §20¢ 6Y0 ¥ 860°€ 681-C 65¢€°1 91990 8LLTO 00000 I

0006 0008 000-L 1009 2006 LOOY 810€ 00T SETT 6L9€-0 0000-0 0
01 6 8 L 9 S ¥ € z I 0 ="k "3l

("2 Uy A (3 W) uonounf aumviadwiay paonpas Jo pibauf (D) 21q0 L



157

RAPID CALCULATION OF TEMPERATURE IN A HEAT EXCHANGER

86900 8Y£0-0 69100 ¥LOO-O 6200-0 60000 2000-0 0000-0 0000-0 0000-0 174
8960-0 87500 9200 0210-0 8v00-0 9100-0 $000-0 00000 0000-0 0000-0 61
0110 T6L00 11900 £610:0 0800-0 6200-0 80000 00000 0000-0 0000-0 81
8¢0C-0 SLIT-O 0£90-0 L0£0-0 ££10:0 05000 $100:0 0000-0 0000-0 0000-0 L1
78870 TZL10 ¥$60-0 300 8170-0 8000 L7000 1000-0 0000-0 00000 91
£POP-0 06¥C-0 9CPI-0 /LO0 76£0-0 £P10-0 8000 20000 0000-0 00000 St
96550 PSSE-0 90120 110 1950-0 0v20-0 $800-0 Y000-0 0000-0 0000-0 14!
LE9LO 20050 L90¢-0 €eLT0 §880-0 96¢£0-0 8P10-0 80000 10000 0000-0 €T
L2017 L£690 000 €850 9LETO 990-0 §6200 LT100-0 20000 0000-0 41
09¢-1 £LY6-0 L1290 Z6LE0 80120 8£01-0 PEVO-0 €000 £0000 0000-0 11
€LLT TLel 1980 9LYS-0 8L1E0 SPO1-0 82L00 £900-0 L000-0 0000-0 01
LT 1891 0811 TLLLO (47524 ¥95¢-0 £0C10 12100 9100-0 00000 6
¥98-C 081-C £85-1 £80-1 85890 ST6E0 $$61-0 1£20:0 P£00-0 0000-0 8
8PS-€ LLLT £80-C 6L1-1 98L6:0 V6850 9110 vep0-0 €L000 0000-0 L
8I¢p Lyt 989-C 6L6:1 L9¢-1 L9980 L8P0 £080-0 pS10-0 0000-0 9
916 9¢T¥ 6Lt 685-C L98-1 SPe-1 L0 09¢1-0 0z€0-0 0000-0 S
£L0-9 [tragy S61 [As 3% L8Y-C 19781 0111 $09¢-0 6590-0 0000-0 4
920-L 9t0-9 6L0-S 9e1y 6CC¢ 8LE-T 6091 Psy0 8EET0 0000-0 £
900-8 1oL £209 {24139 080V 11483 092-¢ CILLO £L970 0000-0 4
100-6 200-8 £00-L L009 S10< (43154 990-€ L9771 SETS0 0000-0 1

00-01 000-6 000-3 000-L 000-9 000-¢ 000% 000-C 000-T 0000-0 0

o1 6 8 L 9 $ 14 4 1 0="2"u “hy

(2 ‘WA ("3 )" “uonounf aamwaadwiag paonpad fo pabatu] ()¢ 21qv. g

LYO-T, 0191 LETT 960 60L9-0 90LY-0 LLTEO Y9Z1-0 SELOO 0000

£8y-C £86'1 8¥<-1 8L1-1 11.80 $£29-0 00ey-0 Y6L1-0 1L0T-0 6650-0

£86C 81v-T 616-1 %10 6111 89180 96L80 815T0 £<10 $880-0

LyS€ 816C 8¢C 7681 v 1 8501 919L0 vove-0 86170 £0L1-0

LLTY veb-t 168 €8¢ €8L-1 1233 9566-0 06LY-0 $60E-0 L8810

698 JANK 4 614-¢ 8LC [4 Yara ZIL1 98¢-1 P8Y9-0 €00 10L2-0

179-¢ SI8+ 950y £6et TILe 6£1-C 6£9-1 §998-0 90650 918¢-0

89 €LSS 6SLy £66-¢ P8¢ 8€9-C £90-C 4481 $66L-0 8T€S0

8L L8€9 [Y4SS €0LY 0£6-€ €1Te £96-C S8Y-1 L9901 90€L-0

LL1-8 6VT-L LYE9 TR 29 Ov9-b ¥98-€ ovl¢ €061 COb-1 R986-0

AR

LUV

JESUNY



FLOYD W. LARSEN

158

SIsC
S10-¢
6LS-¢
LOTH
L68Y

99
6¥¥-9
00¢-L
161-8
911-6

L0-01
€0-11
0Tl
10-€£1
001
001
00-91
00-L1
00-81
00-61
00-0T
0T

S10-¢
1sv-C
1§6-C
L1S€
1484

(34:34
865-¢
60v-9
L9CL
991-8

L60-6
SO0t
£0-T1
10-¢1
00-£1
00-v1
00-51
00-91
00-L1
00-81
00-61
61

6LS:1
1s6:1
G8¢-C
$88-C
139 23

880-¥
88LY
0ss-S
89¢-9
beC-L

118

6L0-6
001
2011
10-¢1
00-¢1
00-v1
00-St1
0091
00-L1
00-81
81

LOT-1
LIS 1
6881
LTET
L18T

L8E-€
900+
ceLy
08-S
87¢-9
£0C-L
LTT-8
£90-6
£0-01
10-11
00-¢1
00-€1
00-v1

0091
00-L1
L1

0L68-0
8vI-1
(3941
LI81
8¥C-t

8vL-T
6l¢-¢
£96-¢
9L9-v
£SPS

8879

CLI-L

$60-8

8¥0-6
c0-01
1011
00-C1
00-¢1
00-+1
0061
00-91
91

0959-0
0t$8-0
880-1
L8E1
8YL-1

9L1-C
9L9-T
0s¢C-¢
868-¢
819-v

oS

69

€bT-L

SLO-8

6€0-6
10-01
00-11
00-CT
00-€T
001
00-S1
Sl

levv-0
£865-0
188L-0
9201
61¢1

9L9-1
101-C
109-C
8L1-¢
[4%: 23

095

Ge-S

11¢9

STT-L

960-8

$20-6
1001
00-11
00-C1
00-€1
00-v1
14

866C-0
$80%-0
20550
yeeL-0
87960

0sT-1
1091
V20
pTe-c
POI1-€
9L
00+
LOE-S
€LT-9
880-L
0v0-8
ST10:
00-01
00-11
00-¢1
00-€T1
el

C161-0
8997-0
189¢-0
8105-0
LSL9-0

7868-0
8LI-1
vesd
61

LT0-¢
$69-¢
ovvv
85TS
8el-9
$90-L
970-8
800-6
0001
00-11
00-¢T
4!

9s11-0
9591-0
L22XA0
6LC¢-0
1€64-0
18190
81¢8:0
vOI-1
244"
0981
09¢-C
Ly6:C
9t
6LEY
11zs
$01-9
£V0-L
$10-8
£00-6

00-01
00-11

I

8590-0
8960-0
01¢1-0
8¢07-0
7880

£v0b-0
9655-0
LEILO
LT0-1
09¢-1

ELLT
CLeT
¥98-C
14
81t-v

Y916
£L09
970-L
900-8
100-6

00-01
01 ="2'k

2

T O —~MNestn O

"pauod—(q)g 2190 L



RAPID CALCULATION OF TEMPERATURE IN A HEAT EXCHANGER

159

= ;

SN

/
//
) e

WL
N
N\

.
s

5%

@

L

F1G. 1(b). Reduced wall temperature function.

functions are related in a very simple way [9].
That is, one of the functions is the complement
of the other when the arguments are inter-
changed, i.e.

T(x,y)=1—-T,(y, ).

For this reason, a plot or table of one of these
functions is sufficient for calculating both fluid
and wall temperatures. This fact has permitted
the conservation of space through the presen-
tation of both T and T, in a single, combined
table (see Table 1). The subscripts in the row
and column headings indicate how to enter the
table.

Arbitrary initial condition

As a result of the linear, partial differential
equations which govern the temperatures, one
can superimpose the solutions to a number of
simple problems in order to obtain the solution
to a more difficult one. As an illustration, solu-
tions to two simple cases will be given, both of
which are found from the T(n, &), T, (n, &)
solutions presented above. These two solutions
will then be added resulting in the solution to a
third.

Consider a given matrix with fixed conditions
of: C,c, h, M, riv and P.
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F1G. 2(a). Derivative of reduced temperature function.

0-001

Case (a)

Fluid enters at temperature u,, constant.
Initially wall at temperature v,, uniform. See
Fig. 5{a).

Solution:

ta(",* é) = uo + (Uo - uo)T(r’9 é)

and

twa(n? é) = U, + (Do - ua)Tw(’?s. é)-

Case (b}
Fluid enters at temperature zero, constant.
Initially wall at temperature: zero,

0<<{<{,
and
v, << é

See Fig, 5 (b).
Solution:

tb(’?.‘) 5} = UlT(’],f - Cl)

and
twh(nn é) = vlTw(r’a f - (1)

Case (c)
Fluid enters at temperature u, constant.
Initially wall at temperature: v,,

0< i<
and
U + 0.0 S S C

See Fig. 5 (c).

Here, the boundary condition u and the
initial condition v are equal to the sum of those
of cases (a) and (b), respectively. Therefore, the
solution is just equal to the sum of the solutions
of cases (a) and (b).

Solution:

tn, 8 =u, + (v, — u )T, &) + 0, T, & — {y)
and

twc(n~ é’ = U, + (Uo - Ll‘,)Tw(T’].. é)
+ v L. ¢ — ()
The reader will observe that, in each case, the
solution for ¢ includes the function T, and the
solution for t,, includes the function T,,. Except
for this difference, the respective solutions are

identical. All further derivations will follow this

10
04
02
01
3 >
oos CEEFSS
00 </ NN
XN
5001 A \\ S
' /1 \ N\
0-004 /1N \ N
G002 %\ \ \
NERVA
A \
00015 8 0 12 14 16 18 20

Twé
F16. 2(b). Derivative of reduced temperature function.
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FiG. 3(a). Integral of reduced temperature function divided by limit of integration.
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F1G. 3(b). Integral of reduced temperature function divided by limit of integration.

trend ; therefore, only fluid temperatures will be
treated in detail except where individual atten-
tion may be required.

The result of case (c) can be immediately
extended to the situation where the initial distri-
bution consists of any number of steps of height
v; located at {(j = 1, 2, 3, ... n). Then, for ¢
z (,

t(”* é) = U, + (vo - uo)T("a é)
+ z": v;T(n, & — ().
i=1

Letting the number of steps go to infinity, any
L

continuous, initial temperature distribution can
be accommodated through Duhamel’s integral
[10]. This result is

tn, &) = u, + (v, — u,)T(n, &)
+ EU'T('I,i —0dl (7)
where v’ = dv/dl.
Integration by parts yields
tn, &) = u,{1 — T(n, O)} + v:T(n,0)
+ isz(n,é —dl (8

[
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where Ty(x, y) = 0T(x, y)/dy,
and v is the initial temperature at &,

This relationship is the working equation for
the first method referred to in the abstract. The
partial derivative T, is presented in Fig. 2(a) and
is also tabulated in Table 2(a). The detailed
account of its calculation is given in the Ap-
pendix. Having the initial temperature distri-
bution and the tables or curves of T,, one can
readily calculate the desired temperature. The

e —
m, { m,
v e
P A
b 5
i Pite
=
gPaz z
——AZ —
FiG. 4. Model.

integral may be evaluated by graphical or
numerical means. The partial derivative T,,.
for use in making the analogous wall tempera-
ture calculation, is presented in Fig. 2(b) and
Table 2(b).

The second method concerns equation (7).
This is generally the more approximate method
in that the initial temperature distribution is
approximated by a small number of linear
segments. Suppose, first, that we have an initial
temperature distribution approximated by a
single linear relationship such as v = v, + a{.

The derivative (v’ = a) may now be placed in
front of the integral sign and equation (7)
becomes

tn, &) = u, + (v, — u)T(n. &) + al(n, &)

where the function*

¢ 3
U, &) = (I’T(n,f - dl = gT(n, Hdl

* U(n, &) is just the solution for the case where u = 0 and
v = {. Details regarding its calculation are included in the
Appendix.

%

FLUID, Up—
—¢
(a)
y
FLUID,0 — [ 1
¢ &
(b

<
o~

+

<

(4

FLUID,u—

&
(c)

FiG. 5. Initial wall temperature distributions.

is presented in Table 3(a) and Fig. 3(a). The
corresponding integral of the wall temperature
function is presented in Table 3(b) and Fig. 3(b).
In general, with n linear segments, each starting
at{;_, withslopeafj = 1,2,3...n)theresult is

t(’l, é) =1u, + (Uo - “o)T(ﬂ, é) + alU(r’9 é)
n—1
+ .;1 (@1 —a)Un. & — L) 9)

the working equation of the second method.
How to compose a good approximation of
the initial temperature distribution is a question
of interest at this point. Equation (8) helps to
shed some light on this subject. Observe that
the weighting function T,(n, £ — {) causes the
sensitivity of the solution to the initial distribu-
tion to vary with {. Observe also in Fig. 1 how
the slope, T, of each curve is a maximum at
about ¢ = 5. For this reason, any approximating
distribution should be in closest agreement
possible in the neighborhood of { = ¢ —
provided n < & It is suggested that three or
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four linear segments can effect the desired
simplification for a curve having no more than
one inflection point. A satisfactory criterion has
been to have the approximate distribution agree
with the actual distribution at the end points
{=0,¢ and also at { = & — 5. In the event
that n > &, it is advantageous to have the
approximate distribution agree most closely in
the neighborhood of { = 0.

Example. A sample problem will now be
worked where the initial wall temperature is given
as a continuous function of { and the fluid enters
at the constant temperature u, = 100°F. Both
methods will be used to find the fluid temperature
at 1 = 6, £ = 16 for illustration. The initial
temperature distribution v is plotted in Fig. 6
and tabulated in Table 4. Further calculations
for the first method, equation (8), are also
carried out in this table. Using Simpson’s Rule,

Jész(mé — 0 d¢ = 1511:02.

i}
Now, T (6, 16) = 09812 (from Table 1)
T (6,0) = 0.

2000 ,

| i {
{
}

1600

APPROXIMATION
¥, (TWO
SEGMENTS) !

/
/1
INITIAL
/&\__ DISTRIBUTION
4 v

]
o
o)

800

TEMPERATURE °F

400

o]

0 4 8 12 %
¢

F1G. 6, Example initial wall temperature distribution.
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Using equation (8)

t(6,16) = 100 {1-09812} + 0 + 1511
1513°F.
The second method involves approximating
the initial temperature distribution with several
straight lines (two in the present case). This has

Table 4. Evaluation of integral in equation (8).n = 6

{ o’Fy  §-¢ Ty, &0 oTné-0
[from Table 2(aj]

0 500 16 0-0082 4-10
2 680 14 00177 12:04
4 910 12 0-0348 3167
6 1190 10 00613 7318
8 1462 8 0-0937 13699
10 1675 ) 01165 195-14
12 1838 4 0-1056 194-09
14 1940 2 0-0529 102-63
16 2000 0 0-0025 5-00

been done in Fig. 6. Values of {; and a; are found
presently. The approximate distribution will be
designated by v,.

[, =10, ¢&=16

00) = 500, p({;) = 1675, v, (&) = 2000

a, = (1675-500)/10 = 117-5,
a, = (2000-1675)/6 = 54-17
v, — u, = 400.

Now, T(6, 16) = 0-9812 (from Table 1)
U(6, 16) = 9:0405 [from Table 3(a}]
U6, 6) = 09254,

Using equation (9)

1(6, 16} = 100 + 400(0-9812) + 117-5(9-0405)
+ (5417 — 117-5) 09254 = 1496°F.

It is seen that with this example, these two
methods give answers which agree within about
1 per cent.

Arbitrary boundary condition
Following the same procedure as used for the
arbitrary initial condition described above, it is
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possible to superimpose the solutions of several
cases having simple boundary conditions so as
to yield the solution to one having a more
complicated boundary condition. In order to
illustrate this, the solution of case (a) above and
that of case (d), to be given subsequently, will be
added to give the solution to case (e). Fixed
conditions on the quantities C. c,, h, M, m, and
p will be maintained.
Case (d)
Fluid enters at temperature:

zero, 0<1<1y;

and
uy, T, €TE

Initially wall at temperature zero, uniform.
Solution:

tam, &) = uy —u; T(n — 74, %)

Case (e)
Fluid enters at temperature:
Uy, 0<t<1y;
and
Up + Uy, T, €TE

Initially wall temperature v,, uniform.
Solution:

1, &) = o + (to — o) T(n, &)
+ug —u Tl — 14, ).
Generalizing this result to the case where the
entering fluid temperature history consists of

any number of steps of height u; occurring at
14 = 1, 2,3,...m) there results forn > 1,

[(1’[, é) = U, + (Uo - uo)T(rla é)
+ 3wy — w T -, )
j=1

Again, letting the number of steps go to infinity,
any continuous history of entering fluid tem-
perature can be accommodated.

t('l, ‘f) = U, + (vo - “o)T(’% 5)
+ j?{u’ —uTH — 1,8} dr (10)
0

where o' = du/dr.

Integrating by parts
tn, &) = u,{l — T(0, O} + v, T(n, &)

—}uTl(n—t, &dr (11)
0

where Ty(x, y) = 0T(x, y)/ox

and u, is the entering fluid temperature at
dimensionless time #. This partial derivative is
given in Fig. 2(b) and is tabulated in Table 2(b).
With these values, one may readily evaluate the
integral for any continuous entering fluid tem-
perature history. Thus, the required temperature
is found using this equation in the same manner
as given above for equation (8).

Returning to equation (10), we have the
method whereby the temperature can be cal-
culated using an approximating entering fluid
temperature history function, u,. This function
is made up of several linear segments analogous
to that used with the second method given for
the arbitrary initial temperature distribution
problem. The derivative

du,/dt = b,, 0<t<1y;
<

b, T, €T < 1,; et

Equation (10) becomes
t(”’ é) = U, + (Do - ua)T(na é) + bl V(”’, 6)

m—1
+ X by = b)Vin—7,0  (12)

where

Vwa=n—inn@a

This function* is given in Fig. 3(b) and Table 3(b)
with U (5, ). Certain relationships involved
with its evaluation are included in the Appendix.

Analogous recommendations regarding the
construction of the approximating fluid tem-
perature history are: three or four linear seg-
ments with agreement at end points 7 =0,
n and at the point (time) T = 5 — &, provided

* V(n, &) is just the solution for the case where u = 7 and
v=20
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n>¢& When n<¢ it is advantageous to
approximate the function most closely in the
neighborhood of t = 0

Combination of both arbitrary conditions

The combined problem where both arbitrary
conditions exist simultaneously is easily written
down. The arbitrary initial wall temperature
solution having zero entering fluid temperature
is added to the arbitrary entering fluid tempera-
ture history solution having zero initial wall
temperature. With the first method, using
equations (8) and (11)

4
tin, &) = v: T(n, 0) + !) vTy(n, &€ — ) d¢

n
ul — T0. &)} — JuTy(n — . & dr. (13)
0

With the second method, using equations (9)
and (12)
tn, &) = u, + (v,

n—l

—u,)T(n, &) + a, U, &)

+thO+§H%rMVM—%@ﬂM

j+1 -
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APPENDIX
. oT
The equations 6_5 =T,—-T (5)
T
T_r_1,
on
with the conditions
T=0 at =0 (15)
and
T,=1 at =0 (16)

have been solved numerically. First, holding
n = 0, equation (5) was solved for T(0, ¢).

T(0,8) =1 —exp(= &). (17)

Second, holding £ = 0, equation (6) was solved
for T,(n, 0).

T.(n, 0) = exp (= 7). (18)

Equations (15) through (18) were used as
starting values for the step-by-step finite
difference calculation described presently. Over
an increment of length A¢ the fluid temperature
changes by the increment A, T, according to
equation (5).

= (T, — T)ac AL (19)
Similarly, accordmg to equation (6)
An Tw = (T - Tw) An Aﬂ (20)

The temperature differences are mean values
which exist over the respective increments of
the independent variables, A¢ and An. Using
backward differences, let:

(T - T)Aé - { (11, + Tw(?], f - Aé)
- T, & — T, & — AD}2
(T = Tan = {T(n, &) + T(n — An, &)
W, & — T,(n — An, §)})2

AT =T, 8 — T, & — A
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and

A'I TW = Tw(r” é) - Tw(ﬂ - Ar], 6)

Substituting these definitions into equations (19)
and (20) yields

A
ﬂm®=2+i£mM1%+RWf—Am
~ A
v T aTmE-40 @
and
T, An T A
2 — An .

Now, as they stand, equations (21) and (22)
cannot be used to give explicit values of both
T(n, &) and T, (5, £); (note that one is needed to
calculate the other). Iteration can be used at each
point in order to cope with this difficulty.
Another way is to solve the two equations
simultaneously. Setting Ap = Aé, the result for

T(n, Q) is

2
T8 = 44 gz T € = A0
2A¢ + AE?
TR P~ A
41 dAe D& =AY o
2AE — AE?
T4 + 4AE T.(n — An, Q)
AE?
+ 4—+—~4A§‘ T(n B Ar” é). 4

For stability, the coefficients of all tempera-
tures should be positive. This criterion is easily
satisfied by An, A < 2. Through the course of
the calculations, the increments have been
varied. It was found that the fourth decimal
place could be achieved by taking An = AL = g.
Using equations (23) and (22), in that order,
the temperatures T(n, &) and T,(y, £) have been
worked out explicitly at each point. The results
are those found in Table 1 and Fig. 1.

The exact solution of equations (5) and (6)
with constant entering fluid temperature has
been given by Nusselt* [2]. With a uniform
initial wall temperature it reduces to
T(n, &) = exp(— Ol [2n0)] dC

(24)

jexp(—

T, &) = exp(—n) {1 )

exp (

\/(C) 11 [2\/(’10] dC}
Using equation (24), T(y, &) has been calculated
for n = 5 and 10 at several points. The results
are compared with the numerical solution in
Table Al.

(25)

Table Al. Comparison of exact and numerical solutions

n=>35 n =10

¢ T(exact) T(num)t 14 T(exact) T(num)}
005 000037 000038 010 0-00001 000002
020 000192  0-00191 0-40 0-00007  0-00008
045 000609 000608 090 000044  0-00049
080 001570 001568 1-60 000213 000221
125 003520  0-03515 250 000833  0-00832
1-80 007032 007024  3-60 002657 002672
245 012678  0-12670 490 006993  0-07028
320 0-20813 020803 6-40 015373 0-15399
405 031343 031338 810 028547 028569
500 043608 043605 1000 045494 045506

t Values interpolated from numerical results using a
third degree polynomial, with A¢ spacings of 3.

1 Values interpolated [rom numerical results using a
third degree polynomial, with A& spacings of 4.

For use with equations (8), (11) and (13), the
derivatives Ty, T,, T, and T > are needed. The
governing partial differential equations readily
give

Tin. ) = - T,(n. 0 =

Values of these derivatives have been calculated

T, — T.

* Jakob [6] presents this solution, which provides for an
arbitraryinitial wall temperature distribution.
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thusly during the computation of T and T,.
They are presented in Fig. 2(a) and Table 2(a).

The derivative T,,, has been computed using
a five-point formula [11] during the computa-
tion of T and T,. The size of increments used
during computation was A¢ = §. The formula
used was

fo=preoe = You - f)
where the subscripts indicate increments to
one side or the other of £ The results are pre-
sented in Fig. 2(b) and Table 2(b). Obtaining this
derivative at £ = 0, however, was not possible
with this formula. Rather than using an off-
center formula here, it was calculated from the
derivative of the exact solution, equation (25).
That is

T,>(n,0) = nexp(— n).

In the text it is stated that T(x,y) =
1 — T,(y, x). Partial differentiation of this rela-
tionship with respect to x gives

Tl(xa .V) = - wl(y’ x)‘

Therefore, T, is found from Table 2(b) also, but
the arguments are interchanged.
The function

£
U, &) = (f)T('?, 0 dg

is just the solution where the fluid enters at
temperature zero, and the initial wall tempera-
ture distributionisv = £ Theinitial temperature
distribution in the fluid is

00, &) =& + exp(— &) — 1,

therefore, the functions U and U, have been
evaluated by inserting these relationships for
initial temperature distributions and calculating
equations (23) and (22) precisely as done in
obtaining T and T,

The function

Wm@=n—jﬂnom

for use with the arbitrary entering fluid tempera-
ture problem is found to be conveniently related
to the function U,,. When the identity

T(r, ) =1-TY 1)

is substituted into the above relationship, the
result is

Vin, ) = U n).
Similarly,

V(n, &) = U, n).

Therefore, these functions are to be found in
Table 3 with U and U,. The subscripted
arguments of the table headings indicate how
enter the table.

Résumé—II est possible, au moyen de simples calculs & la main, de déterminer les températures du fluide
et du solide 4 n’importe quel moment et & n’importe quel endroit d’un échangeur de chaleur a récupération.
Les méthodes décrites s’appliquent aux cas ol la température initiale varie arbitrairement avec la position
longitudinale dans la matrice etou la température du fluide & I’entrée varie avec le temps d’une fagon
arbitraire. La solution du probléme avec une température initiale de matrice uniforme et une température
constante du fluide 4 I’entrée a été publiée auparavant [1-4] et présentée ici sous forme de tableaux et de
courbes pour les valeurs des paramétres # et £ de 0 4 20. Les solutions pour le cas d’une distribution
linéaire de la température initiale de matrice et une variation linéaire de la température du fluide a I'entrée
sont également présentées sous forme de tableaux et de courbes dans la méme gamme de paramétres. On a
étendu, par superposition, ces résultats aux cas d’une température initiale de matrice arbitraire et d’une
température de fluide & ’entrée arbitraire. Deux méthodes sont utiles pour I’obtention de résultats
numériques. L’une consiste 4 calculer une intégrale de convolution qui implique la condition arbitraire.
L’autre consiste & approcher la condition initiale (et/ou & la limite) arbitraire par un certain nombre de
segments linéaires et & superposer les solutions tabulées.

Zusammenfassung—M it Hilfe einfacher Handrechnungen ist es moglich, die Temperaturen von Fliissigkeit
und Wand zu beliebigen Zeiten und an beliebigen Stellen fiir einen regenerativen Warmeiibertrager zu
bestimmen. Die beschriebenen Methoden gelten fiir Fille, in denen sich die Anfangstemperatur beliebig
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mit der Langsrichtung in der Matrize dndert und die Eintrittstemperatur der Fliissigkeit beliebig zeit-
verdnderlich ist. Die Losung des Problems mit einheitlicher Matrize fiir die Anfangstemperatur und
konstante Eintrittstemperatur ist bereits frither verdffentlicht (1-4] und wird hier in Form von Tabellen
und Kurven fiir Werte der Parameter n und £ von O bis 20 wiedergegeben. Die Losungen fiir ¢ine lineare
Matrize der Anfangstemperatur und lineare Anderung der Eintrittstemperatur sind ebenfalls in Form von
Tabellen und Kurven im gleichen Parameterbercich angegeben. Durch (Uberlagerung werden diese
Ergebnisse auf die Fiille mit beliebiger Matrize fiir die Anfangstemperatur erweitert. Von zwei Methoden
ist jede niitzlich zur Ermittlung numerischer Ergebnisse. Nach der einen Methode ist ein Linienintegral
unter Einschluss einer beliebigen Bedingung auszuwerten; nach der anderen eine beliebige Anfangs-
(und/oder Rand-) bedingung durch eine Reihe linearer Segmente anzundhern und tabellierten Losungen
zu iiberlagern.

ABBoTanEE—C DOMOIIBIO HPOCTHX PACYETOB MOMHO ONPEASTUTH TEMIEPATYPH RUAKOCTH U
TBEPAOrO Tena B moboe BpeMA ¥ B 11060M MecTe B pPereHepaTHBHOM TemnooOMenuuke. Omu-
CaHHBIE METORH NPUMEHAITCH K CIyJYaAM, I'jJ¢ HaYaJbHas TeMIeparypa HpOM3BOJbLHO
U3MEHAETCA ¢ MBMEHEeHMeM IIPOAOJIbHON KOODAMHATH B MATpHIle, & TEMIEepaTypa HUIKOCTH
Ha BXOJe ~ c0 BpemeHeM. Peinenue zajauu 00 OnpefeieHMM HAYAABHON TEMNEPATYPHI,
3aNMCAHHON B BHJe ONHOPOAHON MaTPHUBI NPH NOCTOAHHON TEMNEpATyYpe KMAKOCTH HA
BXofe, 6mio panee onyGaukosano B [1-4]. B naunolt paGore aTo pelieHne npeacTaBieHo B
Buze Taliuil ¥ KPUBHX B HHTepBaje napaMerpos 1 u £ or O go 20. Tarxke B Bupge Taluui u
KPHBHX B TOM Ke IRanasoHe NapaMeTpOB IPHUBOIATCA PelieHNA A TeMAEPATYPH, 3alucaH-
HOll B BMAe JuHeHHON! HAYANLHON MATpHMUBI, i A TEMOEPATYp MKUAKOCTH Ha BXONE, W3-
MEHAIOMMXCA N0 MuHefHOMY 3akoHy. Iloapaysach cynepmosuumues, 9TH pe3yibTaThl MOMHO
NPUMEHHTb K CIY4Yal [POUSBBOJEBHEIX MAaTPHU HAYANbHON TEMNEPATYPH M MHHUIKOCTH HA
Bxofe. Harkastll H3 ABYX METOJAOB MOMKHO MCIOIILIOBATE JJIA MOJIYYeHNA YHCIEHHHIX Peaylb-
raToB. IlepBHlt MeTOX DOSBONAET ONPEREANTH MHTETPAJd CBEPTKH, KOTOPHI yuUMTHBaer
TPOHSBOJLHOE YCIOBHe ; APYrofi XODYCKAaeT ANNpPOKCHMAILNIG NPOM3BOABHOrO HAYAJIBHOTO
{(Wa3 rPaHMYHOrO) YCJAOBMA ¢ NOMOIBKI HECKOJbKUX NuUHEHHLX CEIMeHTOB H KoMGHHAUMIO
nporabyanpoBaHHBIX pelleHii.



